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A mathematical model is developed for estimating kinetic parameters that influence the production of arborescent polyiso-
butylene via carbocationic copolymerization of inimer (IM) and isobutylene. Six different propagation rate constants arise
due to the two types of vinyl groups and three types of carbocations. These six parameters are estimated using parallel
simulation systems in PREDICI that track (1) functional groups, (2) internal and dangling segments in the polymer, and
(3) concentrations of IM and polymer molecules. Parameter estimates obtained using the proposed model result in a better
fit to literature data than was obtained using a previous model that neglected two types of propagations reactions. Predic-
tions from the proposed model are consistent with Monte Carlo simulations for molecular weight distribution of the inter-
nal and dangling segments. VC 2014 American Institute of Chemical Engineers AIChE J, 61: 253–265, 2015
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Introduction

Fr�echet et al. invented self-condensing vinyl polymeriza-
tion (SCVP) about two decades ago, greatly simplifying the
synthesis process for arborescent or hyperbranched poly-
mers.1 In their SCVP system, an “inimer”(IM) is used to ini-
tiate the polymerization and induce branching. An IM
molecule typically has two types of active sites: (1) an ini-
tiating site that can start propagation and (2) a vinyl group
that can be polymerized to form a branching point. The IM
used in this study is 4-(2-chloroiopropyl) styrene, shown in
Figure 1a, which is produced in situ from 4-(2-methoxyiso-
propyl)styrene and TiCl4.3,4 Since the invention of SCVP,
considerable research has been performed on related topics
including: synthesizing polymers via self-condensing vinyl
copolymerization (SCVCP),3–10 developing different kinds of
IM molecules and arborescent polymers11–13 and building
mathematical models for SCVP and SCVCP systems.2,14–26

Puskas and coworkers.27–29 developed a promising biomate-
rial via living block copolymerization of styrene on an arbo-
rescent polyisobutylene (arbPIB) core. This arbPIB core was
synthesized through a “one-pot” living carbocationic copoly-
merization of isobutylene (IB) and IM molecules.2 A simpli-
fied reaction scheme is shown in Figure 1b. This biomaterial
can be used for human implantation (e.g., for breast

implants) and has higher biocompatibility, better strength,
and less permeability to liquids than silicone materials.28,29

In Puskas’s “one-pot” living cationic polymerization, shown
in Figure 1b, there are two types of vinyl groups VI; VM and
three types of chloride end groups CI; CM; CS as shown in
Figure 1b. VI is the vinyl group on IM, while VM is the vinyl
group on the IB monomer. A CI end group is an unreacted
chloride group on IM, a CM end group forms after addition of
a VM group, and a CS end group forms after the reaction of a
VI group. As a result, there are six different propagation rate
constants, which are kpII; kpIM; kpMI; kpMM; kpSI; and kpSM,
where the first subscript after kp represents the type of end
group that is uncapped for reaction, and the second subscript
represents the type of vinyl group that is consumed. Table 1
summarizes all six reactions between different end groups and
vinyl groups. The rate constants above the arrows in Table 1
are apparent rate constants that depend on equilibrium con-
stants for capping and uncapping of chloride end groups and
the corresponding true rate constants, as shown in Table 2.
The expressions in Table 2 were developed using Puskas’s
two-path reaction scheme for carbocationic polymerization,
which is shown in Figure 2 for a homopolymerization process.

In living carbocationic polymerization, there is a fast equi-
librium between capped and uncapped chloride end groups,
which occurs due to the presence of a Lewis acid (LA). Note
that TiCl4 is the LA used in the reaction mechanism shown in
Figure 1b. According to Puskas and coworkers,30–33 there are
two paths for uncapping the chloride end groups. Path A is
dominant when there is only a small amount of LA in the sys-
tem, while path B is dominant when there is a large excess of
LA in the system. Values of apparent rate constants
kpIMapp; kpMIapp; kpMMapp, and kpSMapp in Table 2 were estimated
using our previous PREDICI model, which is only valid at
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very low branching levels using the experimental data of Dos
Santos.2,4 Values for kpIIapp and kpSIapp, which were excluded
from our previous model via simplifying assumptions, are rea-
sonable nominal values that we used in Monte Carlo (MC)
models to simulate detailed branching and molecular weight
information.14,15

The average branching level in arbPIB can be calculated
from4

Bkin5
�Mn

�Mn;theo

21 (1)

�Mn;theo5MIM1
½IB�02½IB�
½IM�02½IM�MIB (2)

where �Mn is the number average molecular weight and
�Mn;theo is the theoretical number average molecular weight,

calculated for the situation where vinyl groups on IM are
unable to react so that only linear IB chains are produced.

Puskas et al. showed that the physical properties of this
arbPIB biomaterial are largely decided by its molecular
weight distribution (MWD) and branching level.6,34 Thus,
building a model that can accurately predict these properties
will be beneficial for designing future experiments to achieve
targeted properties. Several research groups have built mod-
els for SCVP and SCVCP systems.2,14–26 Many of these
models rely on simplifying assumptions that may influence
the accuracy of the model predictions.16–26 SCVP and
SCVCP models can be classified into two categories: (1)
models that are based on dynamic material balance equations
and (2) models that are based on MC simulations.

M€uller et al. and Yan et al.22–26 developed a series of mod-
els for SCVP and SCVCP systems using dynamic material bal-
ance equations. Their SCVP model22,23 resulted in analytical
expressions for MWD and branching level for IM homopoly-
merization in a batch reactor. To develop analytical expres-
sions for average molecular weights and branching levels
during SCVCP (i.e., copolymerization of IM and a vinyl
monomer), they assumed that different types of propagation
rate constants are equal. This assumption may not be valid for
copolymerization of 4-(2-chloroisopropyl)styrene and IB, based
on the chemical structures of the three carbocations involved.2

Cheng et al.20,21 developed two SCVP models using
dynamic material balances, which were solved using generat-

ing functions. Their first model assumed that the same value
could be used for two different propagation rate constants
(i.e., kpIIapp and kpSIapp). In their second model, this assump-
tion was relaxed.

Only a few research groups have performed MC simula-
tions of SCVP or SCVCP systems. He et al.17 built a MC
model for a SCVP system using a multifunctional initiator in
addition to the IM. In their SCVCP model,19 equal reactivity
assumptions were made for different types of end groups
and different types of vinyl groups, which may lead to inac-
curate predictions.

Our previous research on modeling of arbPIB used a com-
bination of material balance models and MC models.2,14,15

First, we built a dynamic material balance model using PRE-
DICI, which tracks polymer chains according to the number
of IM units and monomer units they contain, as well as the
number of end-groups of different types.2 Because of the
prohibitive number of polymer species that needed to be
tracked, several assumptions (shown in Table 3) were
applied to keep the number of species and reactions manage-
able (i.e., 122 different species and 1430 reaction steps in
PREDICI). This model should only be used for predicting
MWD and branching levels when the average number of
branches per molecule is small (i.e., <5) so that very few
branched molecules contain more than 15 branches. To our

Figure 1. (a) Typical structure of an IM; (b) a simplified reaction mechanism of “one-pot” living copolymerization of
IM and IB.2

Table 1. Summary of Six Possible Propagation

Reactions Between End Groups and Vinyl

Groups Using Apparent Propagation Rate Con-

stants During Copolymerization of IM and IB

Reactions

1
CI1VI���!kpIIapp

CS

2
CI1VM���!kpIMapp

CM

3
CM1VI���!kpMIapp

CS

4
CM1VM����!kpMMapp

CM

5
CS1VI���!kpSIapp

CS

6
CS1VM����!kpSMapp

CM
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knowledge, this was the first SCVCP model in the literature
that has been used for estimating a variety of model parame-
ters that correspond to different types of end groups. Param-
eters kpIMapp, kpMIapp, kpMMapp, and kpSMapp were estimated,
providing a good fit of the experimental data (see Table 2).4

Note that parameters kpIIapp and kpSIapp could not be esti-
mated because the simplifying assumptions in Table 3
remove these parameters from the model. In situations
involving longer reaction times and higher branching levels,
the influence of these neglected parameters will become
more important. One of the objectives of the current model-
ing work is to develop an improved PREDICI model that
can be used to estimate kpIIapp and kpSIapp and to obtain
improved estimates of kpIMapp, kpMIapp, kpMMapp, and kpSMapp.
This new model should give more reliable predictions of
product properties for highly branched arbPIB.

More recently, we developed models that use two different
kinds of MC algorithms to account for the influence of all
six apparent propagation rate constants on the detailed
branching and MWD of the arborescent polymer.14,15 In
these MC models, assumptions 1, 2, 3, and 4 in Table 3 are
not required. Our first MC model uses a traditional approach,
first developed by Gillespie,37 to track reactions and reaction
times for a small sample of molecules in the batch reactor,
starting at time zero and proceeding to the end of the batch.
This methodology is relatively easy to develop, but requires
long simulation times to achieve accurate MWD results. Our
second MC model uses an advanced algorithm that combines
dynamic material balances on small molecules and end-
groups with advanced MC calculations to construct individ-
ual molecules.15 This advanced MC algorithm is much more
complicated than the simpler Gillespie approach, but results
in an algorithm that is hundreds of times faster than the tra-
ditional MC algorithm. However, even this advanced MC
algorithm is too computationally demanding for practical use
in a parameter estimation scheme. As a result, our simula-
tions obtained using both MC models relied on poorly esti-
mated values of kpIMapp, kpMIapp, kpMMapp, and kpSMapp

obtained from our PREDICI model and educated guesses for
kpIIapp and kpSIapp.

The objective of the research described in the current arti-
cle is to build an advanced PREDICI model that can provide
accurate predictions for �Mn and Bkin, even when branching
levels are higher than 15 branches per molecule. Using the
approach from our earlier PREDICI model (even with the
restrictive assumptions in Table 3) accounting for molecules
with up to 20 branches would require >200 species and
>4000 reactions in PREDICI, which could not be practically
implemented. As a result a different strategy is used. The
development of this advanced PREDICI model is described
later, followed by a parameter estimation study and simula-
tion results.

Model Development

This advanced PREDICI model focuses on internal and
dangling chain segments and overall measured characteristics
(i.e., �Mn and IB concentration). Although detailed MWD
information for the overall polymer chains will not be pre-
dicted, this advanced PREDICI model is more convenient
and more accurate for parameter estimation than our previ-
ous PREDICI model that relied on assumptions 1 to 4 in
Table 3.

The basic idea of the proposed model is to simulate sev-
eral parallel polymerization systems at the same time. This
idea was inspired by Zargar et al.16 who developed two par-
allel models to aid in the understanding of a branched RAFT
copolymerization. Our first simulation focuses on end
groups; the second simulation concentrates on internal seg-
ments and dangling segments in the branched polymer mole-
cules; the third simulation determines the number average
chain length of the polymer; the fourth simulation tracks the

Figure 2. Two different paths for carbocationic poly-
merization using different amount of LA
coinitiator.

Path A is dominant when LA concentration is lower

than that of initiator; Path B is dominant when LA con-

centration is higher than that of initiator. Note I is ini-

tiator and M is monomer.30

Table 2. Six Apparent Propagation Rate Constants and Their Estimated Values
2,14,15

Parameter Estimate Units

kpIIapp5kpII3ðK0K1½TiCl4�01K0K2½TiCl4�20Þ 7.5 3 1023 L mol21 s21

kpIMapp5kpIM3ðK0K1½TiCl4�01K0K2½TiCl4�20Þ 3.99 3 1024 L mol21 s21

kpMIapp5kpMI3ðK0K1½TiCl4�01K0K2½TiCl4�20Þ 0.195 L mol21 s21

kpMMapp5kpMM3ðK0K1½TiCl4�01K0K2½TiCl4�20Þ 2.126 L mol21 s21

kpSIapp5kpSI3ðK0K1½TiCl4�01K0K2½TiCl4�20Þ 1.0 3 1024 L mol21 s21

kpSMapp5kpSM3ðK0K1½TiCl4�01K0K2½TiCl4�20Þ 1.39 3 1022 L mol21 s21

where K05 k0

k20
5
½P�nLA�
Pn½ �½LA� ; K15 k1

k21
5
½P1

n LA2 �
½P�nLA� ; K25 k2

k22
5

½P1
n LA2

2 �
P�nLA½ �½LA�.
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concentrations of small molecules and polymer chains, with-
out paying attention to chain length. The reaction mecha-
nisms that are considered in each of the parallel simulations
are summarized in Table 4. All of the symbols are defined in
the notation. Six of the rate constants shown in Table 4 are
the apparent rate constants that are listed in Table 2. How-
ever, additional rate constants that are required in the third
and fourth simulations are pseudo rate constants, denoted by
an asterisk. For example, k�pIMapp in the second reaction in
simulation 3 is the average rate constant for reaction of an
IB molecule with a polymer chain of any size nT . The over-
all rate of this reaction depends on the average number and

type of chloride end groups on polymer molecules. As

shown in Table 5, k�pIMapp can be calculated at any time using

Eq. 5.1. This expression arises from the fact that the con-

sumption rate of VM in simulation 1 should be the same of

the consumption rate of IB in simulation 3

2kpIMapp C
1ð Þ

I

h i
V

1ð Þ
M

h i
52kpIMapp IM 3ð Þ

h i
IB 3ð Þ
h i

2k�pIMapp P 3ð ÞðnTÞ
h i

IB 3ð Þ
h i (3)

Since V
1ð Þ

M

h i
5 IB 3ð Þ� �

, Eq. 3 can be rearranged to give Eq.
5.1.

Table 3. Assumptions from Our Previous PREDICI Model
2

1 Reactions between CI end groups and IM can be neglected because [IM]0 is low relative to [IB]0, so that reactions involving kpIIapp can be
neglected.

2 CS end groups can only react with monomer vinyl groups. Reactions between CS end groups and IM molecules can be neglected because
IM molecules will typically initiate polymerization before their vinyl groups can be consumed by reaction. Reactions between CS end
groups and VI groups on polymer molecules can be neglected due to steric hindrance. Because [IM]0 is very low compared to [IB]0, CS

groups will react with IB before they encounter the VI groups on large molecules. Thus, reactions involving kpSIapp can be neglected.
3 The CI groups on the IM are all consumed very early in the reaction because the chloride end is designed to behave as an initiator for

living carbocationic polymerization. As a result, the only reaction that IM can undergo appreciably is an initiation reaction with IB.
Therefore, vinyl groups of type VI can undergo propagation reactions only after they belong to oligomer or polymer molecules. Another
consequence of this assumption is that there are no CI groups on any polymer molecules so that reactions between polymer molecules
and IM can be ignored. Note that this assumption means that there is no need to track the number of CI groups in the model, (except
for those on IM, which are consumed quickly).

4 Reactions that lead to 16 or more IM units in a molecule are neglected to keep the number of species and reactions manageable for
implementation in PREDICI.

5 Puskas et al.35 observed a penultimate effect during styrene/ IB copolymerization, indicating that the rate of IB addition to CM may depend
on whether the penultimate unit is IB or a styrene-like IM unit. Since [IM]0 was low compared to [IB]0 in the recipes simulated using
the PREDICI model, this penultimate effect could be neglected with only a small effect on model predictions.

6 [LA]�[LA]0 throughout the course of the batch reactions simulated using PREDICI, because only a small fraction of the TiCl4 was
consumed to produce ions.36 Also, [LA]0 is sufficiently large so that the MeOIM is converted instantaneously to IM at the beginning of
the batch.

Table 4. Four Parallel Polymerization Simulations That Focus on Different Arborescent Polymerization Characteristics

Simulation 1
Chain Ends

Simulation 2
Internal and Dangling Segments

Simulation 3
Chain Length

Simulation 4
Molecules

1
C
ð1Þ
I 1V

ð1Þ
M ���!kpIMapp

C
ð1Þ
M C

ð2Þ
I 1V

2ð Þ
M ���!kpIMapp

S
2ð Þ

D ð1Þ IMð3Þ1IBð3Þ���!kpIMapp

P 3ð Þð2Þ IMð4Þ1IBð4Þ���!kpIMapp

P 4ð Þ

P 3ð Þ nTð Þ1IBð3Þ���!k�pIMapp

P 3ð Þ nT11ð Þ P 4ð Þ1IBð4Þ���!k�pIMapp

P 4ð Þ

2
C
ð1Þ
M 1V

ð1Þ
M ����!kpMMapp

C
ð1Þ
M S

2ð Þ
D ðnÞ1V

2ð Þ
M ����!kpMMapp

S
2ð Þ

D ðn11Þ P 3ð Þ nTð Þ1IBð3Þ����!k�pMMapp

P 3ð Þ nT11ð Þ P 4ð Þ1IBð4Þ����!k�pMMapp

P 4ð Þ

3
C
ð1Þ
M 1V

ð1Þ
I ���!kpMIapp

C
ð1Þ
S S

2ð Þ
D nð Þ1V

2ð Þ
I ���!kpMIapp

S
2ð Þ

I nð Þ1C
2ð Þ

S P 3ð Þ nTð Þ1IMð3Þ���!k�pMIapp

P 3ð Þ nT11ð Þ P 4ð Þ1IMð4Þ���!k�pMIapp

P 4ð Þ

P 3ð Þ nTð Þ1P 3ð ÞðmTÞ���!
k�pMIapp

P 3ð Þ nT1mTð Þ P 4ð Þ1P 4ð Þ���!k�pMIapp

P 4ð Þ

4
C
ð1Þ
S 1V

ð1Þ
M ����!kpSMapp

C
ð1Þ
M C

ð2Þ
S 1V

2ð Þ
M ����!kpSMapp

S
2ð Þ

D ð1Þ P 3ð Þ nTð Þ1IBð3Þ����!k�pSMapp

P 3ð Þ nT11ð Þ P 4ð Þ1IBð4Þ����!k�pSMapp

P 4ð Þ

5
C
ð1Þ
S 1V

ð1Þ
I ���!kpSIapp

C
ð1Þ
S C

ð2Þ
S 1V

2ð Þ
I ���!kpSIapp

C
2ð Þ

S 1S
2ð Þ

I 0ð Þ P 3ð Þ nTð Þ1IMð3Þ���!k�pSIapp

P 3ð Þ nT11ð Þ P 4ð Þ1IMð4Þ���!k�pSIapp

P 4ð Þ

P 3ð Þ nTð Þ1P 3ð ÞðmTÞ���!
k�pSIapp

P 3ð Þ nT1mTð Þ P 4ð Þ1P 4ð Þ���!k�pSIapp

P 4ð Þ

6
C
ð1Þ
I 1V

ð1Þ
I ���!kpIIapp

C
ð1Þ
S C

ð2Þ
I 1V

2ð Þ
I ���!kpIIapp

C
2ð Þ

S 1S
2ð Þ

I 0ð Þ IMð3Þ1IMð3Þ���!kpIIapp

P 3ð Þ 2ð Þ IMð4Þ1IMð4Þ���!kpIIapp

P 4ð Þ

IMð3Þ1P 3ð Þ nTð Þ���!kpIIapp

P 3ð Þ nT11ð Þ IMð4Þ1P 4ð Þ���!kpIIapp

P 4ð Þ

(via VI group on polymer) (via VI group on polymer)

P 3ð Þ nTð Þ1IMð3Þ���!k�pIIapp

P 3ð Þ nT11ð Þ P 4ð Þ1IMð4Þ���!k�pIIapp

P 4ð Þ

(via VI group on IM) (via VI group on IM )

P 3ð Þ nTð Þ1P 3ð ÞðmTÞ���!
k�pIIapp

P 3ð Þ nT1mTð Þ P 4ð Þ1P 4ð Þ���!k�pIIapp

P 4ð Þ

Note that the apparent rate constants are applied in the coding. The number in the superscripted brackets after different species shows the simulation system the
species belongs to.
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The key idea is that each pseudo rate constant must be
updated over time so that all four parallel simulation systems
will result in the same rates of consumption for IB and the
same rates of consumption for IM. As a result, the following
constraints need to be enforced at each time during the four
simulations

V
1ð Þ

M

h i
5 V

2ð Þ
M

h i
5 IB 3ð Þ
h i

5 IB 4ð Þ
h i

(4)

V
1ð Þ

I

h i
5 V

2ð Þ
I

h i
5 IM 3ð Þ
h i

1 P 3ð Þ nTð Þ
h i

5 IM 4ð Þ
h i

1 P 4ð Þ
h i

(5)

where the superscripts refer to the simulation that the species
belongs to. Equation 4 indicates that the concentration of VM

groups is the same as the concentration of IB molecules.
Equation 5 indicates that the concentration of VI groups is
the same as the sum of the concentrations of polymer mole-
cules and unreacted IM, because each polymer molecule
contains a single VI group. Note that cyclization reactions
are neglected in the current model and in our previous mod-
els.2,14,15 Enforcing these constraints results in the expres-
sions for the pseudo rate constants in Table 5.

The first row in Table 4 is concerned with reactions
involving CI end groups on IM or polymer molecules and
the VM group on a monomer. Simulation 1 keeps track of
the resulting change in the type of end group (from CI to
CM). Simulation 2 keeps track of the new dangling segment
of length 1, S

2ð Þ
D ð1Þ, that arises from this type of reaction.

The first row for Simulation 3 contains two reactions. The
first tracks the creation of a new polymer molecule P 3ð Þð2Þ,
which contains two units (one IM and one monomer) when a
CI end from an IM reacts with IB. The second tracks the
growth of polymer molecules when a CI end group from a
polymer chain reacts with IB. In the fourth simulation, the
first reaction in the first row tracks the increase in the num-
ber of polymer chains that occurs when IM reacts with IB.
Note that the number of units in the polymer chains is not
tracked in Simulation 4. The second reaction in Simulation 4
accounts for the IB that is consumed by reactions with CI

end groups on polymer chains. This reaction does not pro-
duce an additional polymer molecule.

The second row in Table 4 describes chain propagation by
adding monomer to a CM end group. Simulation 1 keeps
track of the consumption of VM groups by this chain-growth
reaction. Simulation 2 tracks the propagation of dangling
segments. Simulation 3 tracks the increase in chain length
for the whole polymer molecule. Simulation 4 shows that
the concentration of polymer chains does not change, but
that IB is consumed.

Similarly, the third row accounts for the consumption of
VI groups on IM and polymer molecules by reaction with
CM end groups which produces CS end groups. Simulation 2
tracks the conversion of a dangling segment to an internal
chain segment S

2ð Þ
I ðnÞ when this type of reaction occurs.

Simulation 3 is interesting, because it accounts for the join-
ing of two polymer molecules that can happen due to this
type of reaction. Simulation 4 is similar, except that it does
not track chain lengths.

The fourth row accounts for the creation of a new dan-
gling segment (i.e., a branch) that occurs when a CS end

group reacts with IB. The fifth row is concerned with the
consumption of VI vinyl groups via CS end groups. This
type of reaction produces an internal segment of length zero.

The sixth row in Table 4 describes the reaction between CI

end groups and VI vinyl groups. This type of reaction also
produces internal segments of length zero. Note that four dif-

ferent reactions are required in simulations 3 and 4 for this
type of reaction, because it can occur between two IM mole-
cules, between the CI group on an IM and the VI group on a

polymer molecule, between the CI group on a polymer mole-
cule and the VI group on an IM, or between two polymer
molecules.

When developing simulation 3, we debated about the val-

ues that should be specified for some rate constants. For

example, for the reaction involving two IM molecules in

row 6, we initially believed that the rate constant should be

2kpIIapp rather than kpIIapp because this reaction can happen in

two ways; both IM molecules have a VI group and a CI

group. When the concentrations of VI groups predicted by

simulation 3 did not match the results from simulation 1, we

proved that the rate constant for this reaction should be

kpIIapp using the argument below. Consider the reactions

CI1VI���!kpIIapp

CS (6)

IM1IM�!kp?

P (7)

where kp? has an unknown value that is related to kpIIapp so
that these two reaction rates are consistent. Consider starting
with 1 mol/L of IM (and nothing else) in the batch reactor.
At time zero, reactions (6) and (7), which are really two
ways of writing the same reaction, are the only reactions
that can occur. Using these initial concentrations, the rate of
consumption of VI groups to form new polymer molecules
by reaction (6) is

kpIIapp CI½ � VI½ �5kpIIapp (8)

Similarly, the rate of formation of new polymer molecules
via reaction (7) is

kp?½IM�25kp? (9)

Equations 8 and 9 should have the same rate, as a result

kp? 5 kpIIapp (10)

and there is no need to multiply the apparent rate constants
k�pMIapp by two in the third row. Similar arguments apply for
k�pSIapp in the fifth row and k�pIIapp in the sixth row of Table 4.

When first developing the proposed model, we developed
only simulations 1, 2, and 3. Using simulation 3, we were
able to match predicted values of �Mn from our MC

Table 5. Pseudo Rate Constants Derived Using Reactions in

Corresponding Rows in Table 4 for Simulations 1, 3, and 4

5.1
k�pIMapp5

C
1ð Þ

I½ �2 IM 3ð Þ½ �P
P 3ð ÞðnT Þ½ � kpIMapp5

C
1ð Þ

I½ �2 IM 4ð Þ½ �
P 4ð Þ½ � kpIMapp

5.2
k�pMMapp5

C
1ð Þ

M½ �P
P 3ð ÞðnT Þ½ � kpMMapp5

C
1ð Þ

M½ �
P 4ð Þ½ � kpMMapp

5.3
k�pMIapp5

C
1ð Þ

M½ �P
P 3ð ÞðnT Þ½ � kpMIapp5

C
1ð Þ

M½ �
P 4ð Þ½ � kpMIapp

5.4
k�pSMapp5

C
1ð Þ

S½ �P
P 3ð ÞðnT Þ½ � kpSMapp5

C
1ð Þ

S½ �
P 4ð Þ½ � kpSMapp

5.5
k�pSIapp5

C
1ð Þ

S½ �P
P 3ð ÞðnT Þ½ � kpSIapp5

C
1ð Þ

S½ �
P 4ð Þ½ � kpSIapp

5.6
k�pIIapp5

C
1ð Þ

I½ �2 IM 3ð Þ½ �P
P 3ð ÞðnT Þ½ � kpIIapp5

C
1ð Þ

I½ �2 IM 4ð Þ½ �
P 4ð Þ½ � kpIIapp
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simulations,14,15 but not �Mw and MWD. Simulation 3 gives
MWD predictions that are considerably narrower than the
MWDs predicted by the MC simulations (see Figure 3). This
discrepancy is caused by the implication that all polymer
chains, regardless of their chain length, will have the same
average reaction rate. For example, the final reaction for
simulation 3 specifies that the reaction between two large
chains

P 3ð Þ 1000ð Þ1P 3ð Þð500Þ���!k�pIIapp

P 3ð Þ 1500ð Þ (11)

will proceed, on average, at the same rate as a reaction
between two small chains

P 3ð Þ 10ð Þ1P 3ð Þð5Þ���!k�pIIapp

P 3ð Þ 15ð Þ (12)

that react at the same time. However, for the current poly-
merization system, this assumption is not valid. Larger mole-
cules tend to have more branches and, therefore, more end
groups, so that reaction (11) tends to occur much more
quickly than reaction (12). As a result, simulation 3 is able
to accurately track the number of polymer molecules but not
the chain length distribution. As a result, we decided to add
simulation 4 in Table 4, which only counts the number con-
centration of polymer molecules in the system. The develop-
ment of the number average molecular weight during the
batch can be calculated from

�Mn5
½IM�ð4Þ0 2½IM�ð4Þ

P½ �ð4Þ
MIM1

½IB�ð4Þ0 2½IB�ð4Þ

P½ �ð4Þ
MIB (13)

It is preferable to compute �Mn using Eq. 13 instead of the
method of moments in simulation 3, because simulation 4
requires less computational effort than simulation 3, which
may be beneficial during parameter estimation. In addition,
simulation 4 does not produce any misleading information
about �Mw and MWD, which the modeler might be tempted

to believe. Results from simulation 3 are included in the cur-
rent article because they serve as a warning to other
researchers who might try a similar modeling approach.
Note that the bimodal MWD predicted by the MC simulation
in Figure 3 is consistent with bimodal distributions observed
experimentally.4,15 The low-molecular-weight peak is pri-
marily linear polymer and the higher-molecular-weight peak
results from the branched polymer molecules.

The average number of branches per polymer molecule
can be determined from

Bkin5
½IM�ð4Þ0 2½IM�ð4Þ

P½ �ð4Þ
21 (14)

which is equivalent to Eq. 1. If there are only linear chains
in the system, so that the number of IM units consumed is
equal to the number of polymer molecules, the value of Bkin

is zero. Although our initial aim was to develop a simplified
PREDICI model that would predict [IB], [IM], Bkin, �Mn,
�Mw, and MWD values, the current model (simulations 1, 2,

and 4) can only predict [IB], [IM], Bkin, and �Mn: In the next
section, we describe how the model predictions of [IB] and
�Mn can be used along with data provided by Dos Santos4 to

provide improved estimates of the model parameters.

Parameter Estimation and Simulation Results

Parameter estimation

The experimental data of Dos Santos that were used in
our previous parameter estimation study are used again here
to estimate all six apparent rate constants.2,4 Recall that only
four apparent rate constants (kpIMapp, kpMMapp, kpMIapp, and
kpSMappÞ were estimated in our previous study because kpIIapp

and kpSIapp were eliminated due to simplifying assumptions 1
and 2 in Table 3. The initial values and uncertainty ranges
for kpIMapp, kpMMapp, kpMIapp, and kpSMapp shown in Table 6
are the same values that we used in our previous work.
These values were obtained using information from the liter-
ature and our engineering judgment.2,4,30,33,35,36,38–42 The
lower and upper bounds shown were enforced during param-
eter estimation to ensure that estimated parameter values are
physically realistic.2 For the additional two parameters,
kpIIapp and kpSIapp, which were not considered in our previous
PREDICI model, we selected the rough initial guesses of
7.5 3 1023 and 1 3 1024 L mol21 s21shown in Table 6
that were used in our previous MC simulation studies.14,15

These values were calculated using IM homopolymerization
data.4,43 A large range between the lower and upper bounds
for these parameters is specified in Table 6 because we could
not find any additional information in the literature about
reasonable values for these two parameters. Note that the ini-
tial guesses are the same as the values for the lower bounds,
because the IM homopolymerization data were obtained

Figure 3. Comparison of the calculated MWD between
simulation 3 using PREDICI and our previous
advanced MC model15 using the initial condi-
tion ½IM�050:00454 M and ½IB�051:74 M and
the parameter values in Table 2. - - - is the
MWD calculated by PREDICI; — is the MWD
calculated by advanced MC with 105 polymer
chains.

Table 6. Initial Values and Lower and Upper Bounds Used

for Estimation of Six Apparent Rate Constants

Parameter Initial Lower Upper Units

kpIIapp 7:5 3 1023 7:5 3 1023 10 L mol21 s21

kpIMapp 1:58 3 1021 4:11 3 1025 4.11 L mol21 s21

kpMIapp 3:16 3 1022 4:11 3 1026 4.11 L mol21 s21

kpMMapp 4:58 3 1021 4:11 3 1024 4.11 L mol21 s21

kpSIapp 1 3 1024 1 3 1024 10 L mol21 s21

kpSMapp 2:64 3 1024 4:11 3 1025 4.11 L mol21 s21
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using a lower concentration of LA (i.e., TiCl4) than in the
copolymerization experiments that are simulated in the cur-
rent article. This lower LA concentration should lead to
lower values of the apparent rate constants (see Table 2)
than the values that apply to the datasets used for parameter
estimation.

When developing fundamental models of polymerization
reactors, it is important to determine whether all of the
kinetic parameters in the model should be estimated, or
whether only a subset of the parameters should be estimated
from the available data.30,44–52 Estimating too many parame-
ters using limited data leads to large uncertainty ranges for
the parameters and can produce worse predictions than when
fewer parameters are estimated. Conversely, estimating too
few parameters can also give poor predictions, due to incor-
rect values that are assumed for the unestimated parame-
ters.53–57 In this study, advanced statistical techniques2,52–57

are used to determine if all six parameters in Table 6 could
be estimated reliably using the limited data collected by Dos
Santos.4 An orthogonalization method52 is first used to rank
all of the parameters from the most estimable to the least
estimable, based on information about the influence of each
parameter on predictions of the available data, uncertainties
in the initial parameter values, and uncertainties in the dif-
ferent types of measurements. This algorithm also accounts
for correlated effects of model parameters.49,52 After the
parameters are ranked, Wu’s mean-squared error criterion55

is used to decide on the appropriate number of parameters to
estimate to obtain the most reliable predictions using the
available data. The final parameter estimates were obtained
using the following weighted nonlinear least-squares objec-
tive function

J5
X ð IB½ �exp2½IB�Þ2

s2
IB

1
X ð �Mnexp2 �MnÞ2

s2
�Mn

(15)

where IB½ �exp and �Mnexp are the experimental measurements
of the concentration of IB and the number average molecular
weight, respectively. s2

IB50.01485 mol2 L22 and s2
�Mn

5313.255 kg2 mol22 are pooled variance estimates for the IB
concentration and number average molecular weight, respec-
tively, determined from replicates experiments.4 Note that
objective function (15) contains fewer terms than the objec-
tive function used in our earlier parameter estimation study.2

A term penalizing deviations between experimental data and
the weight average molecular weight is not included in Eq. 15
because the current model, unlike our previous PREDICI
model, cannot predict �Mw. Also, we decided to remove a term
that penalizes deviations between “measured” branching level
and predictions of Bkin. Our reason for removing the Bkin term
from the objective function is that Dos Santos did not measure
Bkin independently in the experiments used for parameter esti-
mation.4 Instead, the Bkin values that he reported were calcu-
lated from Eq. 1 using measured values of �Mn and [IB],
assuming that [IM] 5 0 after the first few minutes of the reac-
tion. Since measured values of �Mn and [IB] from Dos San-
tos’s experiments already appear in objective function (15), it
is not appropriate to include an additional term that accounts
for this same information in the pseudo-measurements, espe-
cially when the assumption that [IM] 5 0 may not be accurate.
Note that Dos Santos did measure branching levels (via a link
destruction technique) for some arbPIB experiments, obtain-
ing good agreement with Bkin calculations.4 These data are
not used for parameter estimation because we could not find

sufficient information about the details of the polymer synthe-
sis (e.g., the time at which the arbPIB was sampled from the
batch reactor).

Parameter estimation was performed 20 times starting
from different sets of initial guesses selected between the
lower and upper values specified in Table 6. The first esti-
mation was started from the initial values specified in Table
6, which are the same initial values used in our previous
modeling study.2,14,15 Starting from these values, the estim-
ability ranking method of Yao et al.52 and Thompson et al.49

was used to rank the six parameters from most estimable to
least estimable. Parameters kpMMapp, kpMIapp, and kpIMapp are
the top three most estimable parameters because there is a
large fraction of IB units in the system (compared with IM),
giving these parameters a large influence on the model pre-
dictions. Parameters kpSMapp, kpIIapp, and kpSIapp are the least
estimable because they have less influence. Wu’s critical
ratio was then used to determine that the top three parame-
ters on the ranked list should be estimated and that the
remaining three parameters should be held at its initial value.
Estimating the top three parameters gave J 5 68.1, which is
considerably better than J 5 1349.3 obtained using the initial
parameter guesses and only slightly better than J 5 69.0,
which is obtained when the objective function is computed
using parameter values employed in our previous MC simu-
lations (see Table 2).14,15 Using the values in Table 2 as ini-
tial guesses in the second estimation attempt resulted in a
different parameter ranking, with parameter kpMMapp appear-
ing at the bottom of the list. This different ranking may have
occurred because the value of kpMMapp52:126 Lmol21s21

was already well-estimated during our previous parameter
estimation study.2 In this case, Wu’s critical ratio determined
that five parameters should be estimated, resulting in
J 5 29.2 at the converged parameter values, which is much
better than the value obtained starting from the previous ini-
tial parameter values.

These results illustrate that initial parameter guesses can
have a large influence on parameter ranking results and
parameter estimates, as noted in previous parameter estima-
tion studies for polymerization models.53,58 The reasons that
different results can be obtained when different initial
guesses are used are that polymerization models are often
nonlinear with respect to the model parameters and conver-
gence to different local minima can occur. To test whether
the parameter estimates corresponding to J 5 29.2 are reli-
able, a further 18 attempts at parameter ranking, selection,
and estimation were performed by starting at random initial
guesses between the lower and upper bounds specified in
Table 6. From 8 of these 18 attempts, we found that all six
parameters could be estimated from the available data, using
Wu’s critical ratio. In these eight attempts, one gave the best
value of the objective function of J 5 28.9. Three of the 18
attempts resulted in selection of five parameters for estima-
tion, two of the 18 attempts selected four parameters for esti-
mation, four attempts selected three parameters for
estimation, and one attempt selected only two parameters for
estimation. Additional details are provided elsewhere.59 Dur-
ing some of the estimation attempts, especially when a larger
number of parameters was being estimated, PREDICI gave
warnings about correlation among the parameters and “too
many reductions,” indicating that the dataset might not con-
tain sufficient information to estimate all of the parameters.
Note that the best six attempts at parameter estimation pro-
vided values of J between 28.9 and 29.3. These six
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estimation attempts provided similar estimates for kpIMapp,
kpMIapp, kpMMapp, and kpSMapp. However, the estimated values
of kpIIapp and kpSIapp have more variability among these six

estimations, suggesting that the data contain only limited
information about these two parameters. Our difficulties in
estimating these two parameters may be caused by the very

Table 7. Parameter Ranking and Estimation Results for All Six Apparent Rate Constants

Parameter Initial Final value 95% Confidence Interval Unit

1 kpIMapp 8:00 3 1023 4.46 3 1024 61.45 3 1024 L mol21 s21

2 kpMMapp 1:47 3 100 2.27 3 100 64.88 3 1021 L mol21 s21

3 kpMIapp 1:14 3 1024 5.19 3 1021 61.75 3 1021 L mol21 s21

4 kpIIapp 2:97 3 1022 3.32 3 1022 61.55 3 1021 L mol21 s21

5 kpSIapp 6:26 3 1021 6.45 3 1023 66.43 3 1022 L mol21 s21

6 kpSMapp 2:08 3 1021 4.11 3 1025 63.04 3 1024 L mol21 s21

Figure 4. Comparison among experimental results and simulation results using old parameter values in Table 2
and new estimates in Table 7 for a batch reactor run with ½IM�050:00114 M and ½IB�051:74 M. — simula-
tion with newly estimated parameters; - - - simulation with old parameters; � experimental values; ~

Bkin calculated from data with assumption [IM]50; D Bkin calculated from data using simulated [IM]; (a)
[IB], (b) [IM], (c) polymer concentration, (d) Bkin, (e) �Mn, (f) �Mw.
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low initial concentration of IM relative to IB (i.e., 6:5531024

� IM½ �0
IB½ �0
� 2:6131023 in the five experimental runs used for

parameter estimation). The low concentrations of IM in the
system and the lack of monitoring of [IM] during the experi-
ments provide little information for accurate fitting of kpIIapp

and kpSIapp. To better estimate these two parameters, it would
be beneficial to obtain more experimental data from runs with
higher [IM], which would lead to higher branching levels.

The best parameter values that were obtained, which cor-
respond to J 5 28.9 are provided in Table 7, along with
approximate 95% confidence intervals. The estimates for the
top three parameters in Table 7 (shown in bold) are signifi-
cantly different from zero, but the other parameter estimates
are not. Also, the nonoverlapping confidence intervals for

kpIMapp, kpMMapp, and kpMIapp indicate that the values of these
three propagation parameters are significantly different from
each other, indicating that assumptions about equal reactiv-
ities of different types of end groups and vinyl groups made
by other modelers are not valid for this IB and IM copoly-
merization system.

These ranking and estimation results reveal that the
parameters, kpIIapp and kpSIapp, which were neglected in our
earlier model2 do influence the model predictions. However,
these two parameters are difficult to estimate accurately.
Note that the estimated values of kpSMapp shown in Table 7
is at the lower bound specified in Table 6. Decreasing the
lower bound for kpSMapp during parameter estimation does
not result in a noticeable improvement in the value of J.

Figure 5. Comparison among experimental results and simulation results using old parameter values in Table 2
and new estimates in Table 7 for a batch reactor run with ½IM�050:00227 M and ½IB�051:74 M. — simula-
tion with newly estimated parameters; - - - simulation with old parameters; � experimental values; ~

Bkin calculated from data with assumption [IM]50; D Bkin calculated from data using simulated [IM]; (a)
[IB], (b) [IM], (c) polymer concentration, (d) Bkin, (e) �Mn, (f) �Mw.
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Simulation results

The proposed PREDICI model requires less than 10 s to
simulate a typical experimental run (see Figure 4) using a
Windows 7 laptop computer with Intel Core i5 2.4 GHz and
4 GB of RAM. Figures 4–6 show comparisons between the
experimental results (� symbol) and simulation results
obtained using the new estimated parameter values (solid
lines) and old parameter values from Table 2 (dashed lines).
Figure 4 contains replicate results obtained from three exper-
imental runs. Note that no data are available for the IM con-
centrations in Figures 4b, 5b, and 6b and the polymer
concentrations in Figures 4c, 5c, and 6c. In Figures 4d, 5d,

and 6d, the experimental values of Bkin (shown using ~) are

calculated values from Eq. 1 using measurements for �Mn

and [IB], with [IM] assumed to be zero to match the

assumption made by Dos Santos. Alternative values of Bkin

shown using the open triangles (D) are computed using

Eq. 1, with measured values of �Mn and [IB] and the simu-

lated value of [IM].

Figure 4 shows plots of [IB], [IM], [P], Bkin, �Mn, and �Mw

vs. time for a recipe with ½IM�050:00114 M and
½IB�051:74 M. Figures 5 and 6 are similar, except that they
correspond to experiments with higher IM concentrations
that lead to higher levels of branching. The predicted values

Figure 6. Comparison among experimental results and simulation results using old parameter values in Table 2
and new estimates in Table 7 for a batch reactor run with ½IM�050:00454 M and ½IB�051:74 M. — simula-
tion with newly estimated parameters; - - - simulation with old parameters; � experimental values; ~

Bkin calculated from data with assumption [IM]50; D Bkin calculated from data using simulated [IM]; (a)
[IB], (b) [IM], (c) polymer concentration, (d) Bkin, e) �Mn, f) �Mw.
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of �Mw were generated using the parameter estimates from
the current article in our traditional MC model,14 starting
from 20,000 initial IM units and the corresponding number
of IB units in the system. The MC results (not shown) agree
with the other results shown in Figures 4–6. From Figures 4
to 6, it is apparent that the new estimated parameter values
tend to produce better predictions of the experimental data
than the old parameter values produced, particularly for [IB]
and �Mn. In Figures 4d, 5d, and 6d, the calculated Bkin data
(shown as D), using experimental values of [IB] and �Mn,
and simulated values of [IM], are better predicted by the
model than the calculated Bkin data from Dos Santos that
assumed complete consumption of IM.4 Predictions for �Mw

are also quite good using the new parameter values but are
not as good as the predictions for �Mn because the �Mw data
were not used for parameter estimation (see Eq. 15).

As shown in Figure 7, the predicted MWDs of the internal
segments and dangling segments (from simulation 2) match
those obtained from the advanced MC model.15 To obtain
relatively smooth MWD curves, 105 polymer chains were
constructed using the MC calculations. The results in Figure
7a from PREDICI and the MC simulation agree very well
with each other. However, in Figure 7b, results for the dan-
gling segments agree less well because of the limited by the
number of dangling segments in the MC simulation. In the 1
3105 polymer chains that were constructed, there are
244,368 internal segments and only 9,664 dangling seg-
ments. Less jagged MC results could be obtained using a
larger number of molecules. Note that it took the advanced
MC model about 22 min to produce the 105 polymer chains
and generate the MWDs in Figure 7, however, it took the
proposed PREDICI model only 8.7 s to obtain the MWDs
for the internal and dangling segments. Figure 7 shows that
the internal segments and dangling segments tend to have
similar chain lengths because most of the IB was consumed
during the first 1800 s (see Figure 6a) to produce the linear
segments, which could then be joined together via branching
reactions later in the batch.

Conclusions

A novel model consisting of parallel simulations was
developed to predict key concentrations and polymer proper-
ties in the copolymerization of IB and IM via carbocationic
polymerization. The proposed dynamic model predicts

changing concentrations of IB, IM, and polymer molecules,
the MWDs of internal and dangling segments, and the
branching level and �Mn of the polymer molecules. Unlike
our previous PREDICI model,2 no restrictions on permissible
branching levels needed to be introduced and all possible
concentration ranges for IM and IB can be simulated. This
model requires much less computational effort than previous
MC models for the same copolymerization system, which
makes it suitable for parameter estimation. Twenty attempts
at parameter estimation were performed, starting from differ-
ent initial parameter values, because some attempts con-
verged to local minima. In each attempt, the six apparent
rate constants that appear in the model were ranked from
most estimable to least estimable and the number of estima-
ble parameters was determined From eight parameter estima-
tion attempts, it was determined that all six parameters could
be estimated, for the first time, using the data of Dos San-
tos.4 Nevertheless, the relatively low IM concentration and
lack of [IM] monitoring in the available dataset made it dif-
ficult to obtain precise estimates of three of the six model
parameters (i.e., kpIIapp, kpSIapp, and kpSMapp). The newly esti-
mated parameters result in a better fit to the data for [IB]
and �Mn. MWD predictions for internal and dangling seg-
ments agree well with those obtained using our advanced
MC model, but require significantly less computational time
to determine. In the future, there is opportunity to obtain
improved parameter estimates using a larger dataset that
incorporates different concentrations of the LA and experi-
ments involving IM homopolymerization.3,43
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Notation

Bkin = average branching level determined from kinetic calculations
and measured molecular weight

CI = chloride-capped groups from the inimer or polymer

Figure 7. Predicted MWDs for (a) internal segments and (b) dangling segments at t55400 s from experiment with
½IM�050:00454 M and ½IB�051:74 M and parameter values from Table 7; — PREDICI, -- Advanced MC.
Note that the two curves in a) overlap.
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C
ðiÞ
I = chloride-capped groups from the inimer or polymer in simu-

lation (i)
CM = chloride-capped groups on a chain end formed after propa-

gation with monomer
C
ðiÞ
M = chloride-capped groups on a chain end formed after propa-

gation with monomer in simulation (i)
CS = chloride-capped groups along the side of a chain, produced

after propagation with an inimer vinyl group
C
ðiÞ
S = chloride-capped groups along the side of a chain, produced

after propagation with an inimer vinyl group in simulation
(i)

IB = isobutylene
IBðiÞ = isobutylene in simulation (i)
½IB�exp = experimental measurements of the concentration of IB

IM = inimer, a small molecule that functions as both initiator and
monomer

IMðiÞ = inimer, a small molecule that functions as both initiator and
monomer in simulation (i)

J = objective function value
kpII = true rate constant for propagation reactions involving CI and

VI

kpIIapp = apparent rate constant for propagation reactions involving CI

and VI

k�pIIapp = average rate constant defined in Table 4
kpIM = true rate constant for propagation reactions involving CI and

VM

kpIMapp = apparent rate constant for propagation reactions involving CI

and VM

k�pIMapp = average rate constant defined in Table 4
kpMI = true rate constant for propagation reactions involving CM

and VI

kpMIapp = apparent rate constant for propagation reactions involving
CM and VI

k�pMIapp = average rate constant defined in Table 4
kpMM = true rate constant for propagation reactions involving CM

and VM

kpMMapp = apparent rate constant for propagation reactions involving
CM and VM

k�pMMapp = average rate constant defined in Table 4
kpSI = true rate constant for propagation reactions involving CS and

VI

kpSIapp = apparent rate constant for propagation reactions involving
CS and VI

k�pSIapp = average rate constant defined in Table 4
kpSM = true rate constant for propagation reactions involving CS and

VM

kpSMapp = apparent rate constant for propagation reactions involving
CS and VM

k�pSMapp = average rate constant defined in Table 4
kp? = an unknown value that is related to kpIIapp

k0 = rate constant for intermediate formation, L mol21 s21

k-0 = rate constant for intermediate dissociation, s21

K0 = k0/ k-0, equilibrium constant for intermediate formation, L
mol21

k1 = ionization rate constant to form active species with mono-
meric gegenion, s21

k-1 = deactivation rate constant for active species with monomeric
gegenion, s21

K1 = k1/ k-1, equilibrium constant for active species with mono-
meric gegenion

k2 = ionization rate constant to form active species with dimeric
gegenion, L mol21 s21

k-2 = deactivation rate constant for active species with dimeric
gegenion, s21

K2 = k2/ k-2, equilibrium constant for active species with dimeric
gegenion, L mol21

LA = Lewis Acid
MeOIM = 4-(2-methoxyisopropyl)styrene

MIB = molar mass of isobutylene
MIM = molar mass of inimer

�Mn = number average molecular weight
�Mnexp = experimental measurements of the number average molecu-

lar weight
�Mn;theo = theoretical number average molecular weight

�Mw = weight average molecular weight
MWD = molecular weight distribution

n = number of IB units in an internal or dangling segment

nT; mT = total number of IB and IM units in a polymer molecule
P 3ð ÞðnT Þ = polymer chains with n IB and IM units in total in simulation 3

Pð4Þ = polymer concentrations in simulation 4
P�nLA = polymer/Lewis acid intermediate with chain of length n

P1
n LA2 = active growing chain of length n, with monomeric Lewis

acid gegenion
P1

n LA2
2 = active growing chain of length n, with dimeric Lewis acid

gegenion
SCVP = self-condensing vinyl polymerization

SCVCP = self-condensing vinyl copolymerization

S
2ð Þ

D ðnÞ = dangling segment with length n in simulation 2

S
2ð Þ

I ðnÞ = internal segment with length n in simulation 2

s2
IB = pooled variance estimates for the isobutylene concentration

s2
�M n

= pooled variance estimates for the number average molecular
weight

VI = vinyl group on inimer and polymer
V
ðiÞ
I = vinyl group on inimer and polymer in simulation (i)

VM = vinyl group on isobutylene
V
ðiÞ
M = vinyl group on isobutylene and polymer in simulation (i)
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